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Abstract 


We construct a new idempotent Fourier multiplier on the Hardy space 
on the bidisc, which could not be obtained by applying known one di- 
mentional results. The main tool is a new equivalent of the Stein 
martingale inequality which holds for a special filtration of periodic sub¬ 
sets of T with some restrictions on the functions involved. We also identify 
the isomorphic type of the range of the associated operator as the inde¬ 
pendent sum of dyadic H^, which is known to be a complemented and 
invariant subspace of dyadic 
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1 


Introduction 


The basic notion of this paper is one of the possible ways to define a norm on 
a direct sum of a sequence of certain Banach spaces. 

Definition 0.1. Let Xn he a sequence of subspaces of fj,, B), where fj, 

is a probability measure. By the independent sum of Xi,, Xn,... we mean 
the space "^")ind sequences (/i,..., /„,...) such that fn G Xn and the 

norm 

OO 

1 

is finite, equipped with this norm. 

Thus, the independent sum of subspaces of {Ll, B) can be identified with 
a subspace of In particular, it is a Banach space. Care has to 

be taken, since contrary to iP- and co-direct sums, uniformly bounded operators 
acting on Xn do not necessarily induce a bounded operator on (®-^n)ind 
thus there is no apparent reason for the isomorphism class of the independent 
sum to depend only on isomorphism classes of the summands. Remedying this 
issue will be one of the main concerns of Section 5. 

The paper is organised as follows. In Section 1 we develop tools needed in 
the following sections to handle certain special cases of the Stein martingale 
inequality for p = I, in particular an improved version of the so-called non¬ 
linear telescoping lemma, originally due to Bourgain [I] and later put to use by 
Muller [14]. In Section 2 we provide an example of a not yet known comple¬ 
mented and invariant subspace of the Hardy space on the bidisc and prove that 
it is isomorphic to the independent sum (0In Section 3 we intro¬ 
duce the space (X) ^n('^))ind (which is isometric to the independent 

sum (0t where i : H^{6) is the canonical isometric 

embedding) and give a new proof to the known result of Muller and Schecht- 
man [16], stating that this space is complemented in H^{5). In Section 4 we 
prove that the orthogonal projection P : Lf t and the operator 

L~^P : (£^) —7> H^{S) are Calderon-Zygmund operators and extend via prin¬ 

cipal value to weak type operators on respctive spaces, thus by a theorem of 
Bourgain [2] yielding the iG-closedness of the couple (t (i?^(5)) ,i in 

,L^ (^^))- Section 5, using a theorem of Johnson and Schechtman 
[7], we prove a general theorem about isomorphisms of independent sums and 
provide two ways to deduce the isomorphism announced in title from it: one 
based on Wojtaszczyk’s [25] construction of an isomorphism between iJ^(T) and 
H^{S) and the iG-closedness, and the other based on later Meyer’s construction 
[12], without the use of iG-closedness. In Section 6 we conclude and point out 
some open questions raised by the proved results. 

We would like to thank P. F. X. Muller for many helpful comments and 
suggestions. 
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1 Non-linear telescoping and related results 

In the whole paper, we will denote increasing filtrations by (J>i) and decreas¬ 
ing nitrations by To shorten the notiation we will write E„/ instead of 

E (/ I Tn) and E;/ instead of E (/ | T*). 

By the signs > ~ we mean respectively >,<,= up to a constant. Let 

us recall the classical Stein martingale inequality [22]. 

Theorem 1.1. Let {J^k)'k=i ® decreasing filtration on a probability space 

and be integrable T-measurable functions. Then for 1 < 

p < oo, 

>E(±\Eihfj 

with a constant depending only on p. 

Obviously, the order of the filtration has no influence on the inequality, but 
for reasons of consistency with subsequent considerations we choose to use the 
decreasing order. This inequality is false for p = 1 in general, but under certain 
additional assumptions it remains true for p = 1. One of results of this type is 
the following inequality of Lepingle [10]. 

Theorem 1.2. Let be a decreasing filtration on a probability space 

(fl, if, p) and fi,..., fn be integrable functions such that fk is Tf._^-measurable. 
Then ^ ^ 

E(±\f,fy >tE(±\EthfJ . 

The following lemma will be used to estimate the left-hand side in Stein-type 
inequalities from below. 

Lemma 1.3. Let be a decreasing filtration and be an adapted 

seguence of integrable functions. Define Aq = 0, far 

k = 1,.. . ,n. Then 


inf E Vl/fcM =EA„ 


Proof. We will prove the ’>’ inequality first. Note that for /c > 1, 


E I A|_i + \Elf/ = E I Ati + \nfkf + E ^ 


j=k 


j=k+l 


3 



/ i\ 2 

>E (aLi + lE^M^ + ^ |E^+iE^/,| 


j=k+l 


In 


= E Al+ ^ \K+ifj\' 

\ j=k+i 

1 

and thus by induction, E (EJ=i Ifjf) " > ^ (a^ + Ej=k+i 
particular, E (E]=i I/j I^) "" > EA„. 

Now we will prove the ’<’ inequality. Assume first that (pk satisfy < 

i 

\pk\ < M for some constant M and denote = 

Obviously Xk = EJ^^Afc. Take 


+ (E*Afe_l)2)^Ao = 0. 


A 

fk = Vk\{f. 

j=i j 

This choice is legal, since the conditions imposed on pk ensure that fk is inte- 
grable and for any j = 2,... ,k we have 


fc-i 


A,, 


K n f 


= Et E 


, . A, 

i=]-i 

E-i 


A A 

^PkW- 

J 


Ai-i 


fc-i 


A, 


fe-i 


A,. 


Pk 


Hr 


(by the fact that E {uv | J^) = wE (m | J^) for v bounded and J'-measurable) and 
thus by induction E*/fc = E* (pkl\iZj-i in particular E^/fc = pk- For 


fc > 2, 


El Ati+^ 

j=k 


TT 

Vj 11 ^ 

i=k-l 


2 \ 2 


= E 


Afc_i 

Afc-i 


^fc-i+ 

j=k 


e| Ati+^ 

j=k 


^-1 A ■ 

i=k * 


2 \ 2 


— EI a^_ 2 + i<y9fci + 

j=k+l 



e|ai+ y] 

j=k+l 


i=k 


2 \ 2 
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Since Ai = \(pi\, we have by induction 

A^_i+^ (/?i n ^ 

j—k i—k—1 ^ 

. In particular, E ^ = EA„. Now let (pk be arbitrary and 

define 

( Msgn{ipk{uj)) if \ipk{uj)\>M 

= I igsgn((pfc(w)) if \‘Pkiuj)\ < ig 

[ <Pk{oj) otherwise. 

Obviously are still J'^-measurable. We can construct 

out of (pl^'^ just as we did with ipk- Now take fk = +P’k — • We have 

^kfk = + 'Pk — pI^'^ = Pk and by the previous calculation 

E (e lAt) ’ < E (e |/r f) ’+E (e |a - /rf) ’ < 

\fc-l / \fc-l / \fc-l / 

n 

fc=i 

which tends to EA„ when Af —> oo by the conditional dominated convergence 
theorem, thus proving the desired inequality. 

We will be mainly concerned with the ’>’ inequality in Lemma 1.3. The 
following theorem, which up to rephrasing appears as an unproved remark in 
[4], shows an application of the ’<’ inequality. It has been communicated by P. 
F. X. Muller that it can be proved by an explicit construction, although we find 
the subsequent proof more fun. 

Theorem 1.4. Let /o,...,/« G ({0,1}”) and be the product of the triv¬ 
ial sigma-algebra of subsets of {0,1}* and the full sigma-algebra of subsets of 
{0,1}"“* for k = 0,... ,n. Then there is no universal constant for the inequality 

1 . 

( n \ 2 / n 

Ei/^n >E 

fc =0 / \ fc =0 

under the assumption = 0 to hold (the choice of is irrelevant - we 

may take for instance = ^n)- 

Proof. Measurability with respect to J-(. is equivalent to being dependent 
only on last n — k variables. More precisely, 

(Efe/)(a;i,...,x„) = ^ E f {yi,-■ ■ ,yk,Xk+i,.. ■ ,Xn) ■ 

yi....,yfce{o,i} 
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Let ifk = EJ/fc and Xk be defined by A_i = 0, Afc = {\Vkt + ^ for 

fc = 0,..., n. The condition 'E^_^-^fk = 0 is equivalent to = 0. We may 

now apply Lemma 1.3 and reduce our problem to proving the the non-inequality 
1 

EA„ ^ E , in which only ipk appear. 

Let r„ (respectively T*) be the set of scalar-valued functions on the full 
binary tree of height n (respectively the full binary tree of height n with an 
additional vertex attached to the root) and denote T = IJT„, T* = [JT*. For 
Ui,U 2 & Tn, a € R we can naturally define the concatenations a Ui £ T*, 
Ui ^ a ^ U 2 £ Tn+i- Let us define the norm ||| ■ ||| on T recursively. For 
U £ To, |||t/||| = |m|, where u is the value of U in the single element of the 
domain and for U £ T, U = Ui ^ a ^ U 2 we put 

iiic^iii = ^ ((a"+iiic/iiin^ + (a"+iiic/2iin^). 

We can extend this definition to [/ G T* by |||[/||| = (a^ -I- |||CAi||P) ^ for U = 
a Ui. An alternate definition is as follows. Let Tn Li T* B U U' £ 
Tn-i U T*_i be an operation that removes the two downmost rows and puts 
i((a2 + 62)i 

-I- (a^ + in the place of any subtree b ^ a ^ c consisting 

of two leaves b,c and their father a. Then |||[/||| = U”'"'. Moreover, we define 
the norm 11 • 11 on T U T* by 

\\u\\ = ^ E ^ +uii)^+...y, 

X 

where n is the height of U, summation is taken over the leaves and x denotes 
the father of x. 

Let us return to the previous picture. Since all conditions imposed on 
(fik are J'^-measurability (equivalent to dependence only on Xk+ii ■ ■ ■ i^n) and 
Rk+iTk = 0, the dependence on Xk+i is contained in the factor (—l)“'=+i 
and thus \{pk (xi, ...,x„)| = gk (xk+ 2 , ■ ■ ■ ,Xn) for some nonnegative gk- We 
can think of the sequence {go,..., g„) as an element G of T*_i. Obviously 

l|f^ll = E ^ ■ By Afc = EJ_,_^ (fffe + "^fc-i) ^ induction it follows 

that the rows of are Afc,gfc+i, ■ ■. ,gn and thus |||G||| = A„ = EA„ (since A„ 
is constant). The only thing left to prove is that there is no constant independent 
on n for the inequality |||G||| > ||G|| to hold for G G T*. 

Let 

f{t)= inf HIGH I 

for t > 1. Limiting the range of infimum to G=U'^0^V, for any x,y > 1 
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such that = t we have 


f{t)< IllCZ-^O^t^lll 

||lA(7||=a; 

n'-'V\\=y 

It is routine to check that / is measurable, so by a theorem of Sierpihski [21] 
/ is convex and thus it is a.e. differentiable and equal to the integral of its 
derivative. Now let 1 < a < t. Then 


/(*)< taf, |||G-(a2-l)’-G||| 



Thus the function 1 1 —>■ is nonincreasing. For computational convenience 

let us change the variable from t to t — 1. Then /(O) = 0 and is 

nonincreasing. The latter gives 

(t + l)/(t)/'(t)<l + /(t)2. 

By convexity, f{t) = /'(T)dT < a.e. Combining these two inequalites 

we get /(t)^ < t, which together with convexity gives f{t) = 0 for almost all 
t. Taking arbitrarily large t and G such that ||1 G|| = t, |||G'||| < e, we can 

make ^ arbitrarily small, which ends the proof. 

We may now proceed to the announced non-linear telescoping lemma. We 
will prove a variation of a lemma extracted by Miiller in [14] from the work of 
Bourgain [1]. Although we get a (much) worse estimate in the general case, we 
get the estimates for the || • ||ind norm. 

Lemma 1.5. Let Xk and ipk for k = 1,... ,n be nonnnegative integrable random 
variables. Put Aq = 0. Then 

(i) ifXk =E((/?|-FA|_i)% then 

max 5 ||(¥’fe)fe=i Hind) — 

(ii) ifEXk > E ((fil + A|_;^) ^ and Xk are bounded, then 

1 . 

max , ||(t/5fc)Li Hind) ^ (1 + 25 ) (EA„)^ max^sup Afe^ . 
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Proof. Denote gk = {ifil + Xl_i) -Afe_i. Then (pi = {gk + Xk-if-Xl_^ = 
gl + 2gkXk-i and thus Pk < gk X- {2gkXk-i)^ ■ Note that both of the norms 
IMIli(^ 2 ) and IHIind greater than any of the norms ||•||il(£l) and ||•||i 2 (£ 2 )■ 

Thus 


max 




fc = lllLl(£2) 


ll('^fe)fc=lllind) — ll(fffe)fc=lllLi(£i)+ (( 23 fcAfc_l)^^ 


' fc=l 


L2(f2 


n / ^ 

< E (2(/feAfc_i) 

fc=i \fc=i 

In order to prove (i), we notice that E^fc = Xk —Xk-i and exploit the telescoping 
nature of sums of Egk to get 



^9k + 

k=l 


E {2gkXk-i) 


\k=l 


y^ (Afc—Afc-i)+ 

fe=l 


2 y]] Afc-iE(/fe 


fc=l 



fc-1 


A„+ 2y]Eg,y]E5, < A„ + E EgjEgk = 2A„. 


fc=i j=i 


\j,k=l 


Now we will prove (ii). In this case Egk < EAfe — EAfe_i. 

n / n \ ^ / n \ 2 

+ f X! (2^fcAfc-i) j < EAn + f 2 ^max^ sup Afc E^fc j < 








EA. 


+ 22 ^^max sup Afc ) < (l + 2 = ) (EA„)2 +JIXSUPAfc 


vfc=i 


The following observation shows that the estimates for the || • ||Li(f 2 ) norms in 
Lemma 1.5 are, up to a constant, redundant. 

Corollary 1.6. Let pi,... ,pn be integrable random variables and i/'ij • ■ •, 
be independent random variables such that for any k, the distributions of ipk 
and pk are the same. Then 


E 




In other words, ||(v5fc)llL'(«^] £ 2 


Proof. Let Afc = E 


+ ^k-i ) ■ Since Afc depends only on Afc_i and the 
Uk\^ + Xl_A \ Let = a{'fk,...,'fn). 


distribution of pk^ we have Afc = E 



Then also Xk = , since 'if^k and are independent. 

Thus 

1 1 
E (E T 2A„ = 2EA„ < 2E ^ , 

where the first inequality is an application of part (i) of Lemma 1.5 to \'^k\ and 
the second is an application of Lemma 1.3 to ipk and 

The function t ^ in Corollary 1.6 can be replaced by an arbitrary con¬ 
cave and nonincreasing function with value 0 in 0 and the constant 2 can be 
improved to but this fact is of no interest for this paper. We note one more 
consequence of the non-linear telescoping lemma. 

Corollary 1.7. Let he a decreasing filtration. Let fi, ■ ■ ■, fn he integrahle func¬ 
tions such that a (fk) H is trivial. Then 

E(±\hfy >\E(±\Etkfy. 

1 . 

Proof. As usual, we take Ao = 0, Xk = ^ and note 

that it follows by induction that Xk is constant, since if Xk-i is constant, then 

{Kfkf + X'l_yj ^ is cr (/fe)-measurable and thus Xk is a (/fc)nJ'^_|_;^-measurable, 
since conditional expectations commute. Therefore 

/ n 

>EA„ = A„> -E ^|E*M2 

\fc=i 

where the first inequality is an application of Lemma 1.3 to fk and and the 
second is an application of part (i) of Lemma 1.5 to E^/^. 





2 Independent sum of Hy{T) 

We first recall basic facts concerning invariant operators. Let G be a compact 
abelian metric group and L be its dual group. For g € G we define the shift 
Tg : L^{G) L'^{G) by Tg(/) (go) = f (go - g)- The functions G 5 g Tg(f) € 

L^{G) are known to be continuous for any /. Let X be a shift-invariant subspace 
of L^(G), which in our case is equivalent to being spanned by a set of characters, 
say To C r. Any bounded invariant operator T : X ^ X corresponds to 
its Fourier multiplier, i.e the function such that Tf^j) = t.yff^) for 

7 € Fq. Since for any regular measure fj, of bounded variation, the multiplier of 
the operator L^{G) ^ f fj, * f G L^{G) is the sequence by an abuse 

of notation, we will write T{”f) = t.y in general case. 
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An invariant operator T : AT —> X is called idempotent if = T or, 
equivalently, T ( 7 ) G {0,1}. Bounded invariant operators are in a one-to-one 
correspondence with invariant and complemented subsapces of X. Indeed, if T 
is invariant and idempotent, then the range of T is span ^suppT^ . On the other 

hand, if Y is an invariant and complemented subspace of X, then Y = span (Fi) 
for some Fi C Fq . In order to see that Y is an image of an idempotent invariant 
operator on X (which has to satisfy T = Iri), we apply the following known 
lemma due to Rudin. 

Lemma 2.1. Suppose X C L^{G) is invariant. Then any invariant and com¬ 
plemented subspace Y C X is the image of an invariant projection acting on 

X. 


Proof. Let P be a projection from X onto Y and Q be defined by Qf = 
Jq{t-x o P o Tx) fdp{x) in the sense of an L^-valued Riemann integral of a 
continuous function with respect to the Haar measure p. By change of variables, 
Q oTy = Ty o Q. For / G AT, we have Txf G AT, P (rxf) G Y and thus Qf G Y. 
For f eY, Txf eY gives {t-x o P o Tx) f = T-x {Txf) = /, so Q is a projection, 
while the continuity is obvious. 

It is easy to see that the family of all supports of idempotent multipliers is 
a Boolean ring (containing all finite sets in the case of compact G). We will 
call it the idempotent ring of X. The Cohen-Kelson-Rudin theorem states that 
for X = L^{G) (in the full locally compact abelian, possibly non-metrizable 
generality) it is generated by cosets of open subgroups of F. For / G iF^(T) = 
spanje*”* : n = 0,1, 2,...} C P^(T) the idempotent ring is bigger. Indeed, for 
and any lacunary sequence {nQ^i the Paley inequality 



holds, with a constant dependent only on inf Thus for any sequence of 

signs Si,S 2 ,... the map a„e™* EfcOnj.e*"*’*, which we will denote by 

P{nk),(sk) bounded as an H^{T) — > iJ^(T) operator (where iF^(T) = P^(T) n 
P^(T) equipped with norm) and consequently as an iJ^(T) P^(T) one. 
This implies that the idempotent ring of H^{T) besides arithmetic sequences and 
hnite sets (as restrictions of L^(T) multipliers) contains also lacunary sequences. 
It has been conjectured by Pelczyhski and proved by Klemes [9] that they are 
in fact its generators. 

In this section we will be concerned with the space 

H\T X T) = span{e*("i*i+”"*^) : ni,n2 > 0} C (T^) 

(not to be confused with P[^ consisting of functions f G (T^) with 

coordinatewise Riesz transforms in (T^)). Clearly, for any invariant opera¬ 
tors Ti,T 2 acting on iF^(T), there is an invariant operator Ti <Si T 2 acting on 
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H^{T X T) and satisfying T ( 711 , 712 ) = Ti{ni)T 2 {n 2 )- Thus the idempotent 
ring of H^{T x T) contains sets of the form Ai x A 2 , where ^ 1,^2 are in the 
idempotent ring of Sligthly more general, for any M G GL(2,Z) the 

map Sm ■ (T^) -t (T^) defined by Sm (Z)„ is 

a (non necessarily surjective) isometry, because (SmI) {t) = f {M*t). Under the 
additional assumption of M(N x N) C N x N, the multiplier of the idempotent op¬ 
erator o {Tai ® Ta 2 )oSm is supported on the set (N x N)nM“^ (Ai x A 2 ). 

Another way to produce an idempotent multiplier on (T x T) out of one 
dimensional case is to take as Ai and A 2 in the above construction the sequences 
(2^)^i and move any element of the resulting set Ai x A 2 within its dyadic 
rectangle. One can prove (cf. [23]) using the Littlewood - Paley theory, that 
the sequence obtained in this way is a bounded Fourier multiplier. Hence the 
idempotent ring of (T x T) contains all subsets of N x N whose intersections 
with dyadic rectangles are of bounded cardinality. The main purpose of this 
section is to give an example of a Fourier multiplier on (T x T) that could not 
be derived by the manipulations described above from one-dimensional results. 
Namely we prove the following. 

Theorem 2.2. Let (A^fc)^i be sequences of natural numbers such that 

idk)'^=i lacunary, Nk \ Nk+i, Nk < Nk+i- Denote 

Ak = {(tii, 772 ) G N X N : ni -I- 772 = dk} 

and Bk = {( 771 , 772 ) G Ak : Nk \ ni}. Then the following conditions are equiva¬ 
lent. 

(i) There exist constants a,C such that dk < CNk+a- 

(a) The set B = ur=i Bk is in the idempotent ring of (T x T). 

In order to guarantee that intersections of our B with dyadic rectangles can 
be arbitrarily large it is enough to assume ^ 00 . A canonical example of 

such sequences is dk = Nk+i = kl. 

Proof. The operator T such that T/ = 1^/ is well defined on polynomials 
and it suffices to examine its boundedness on them. Let L = . Then 

the isometry 

Sl : (T X T) ^ span : 771 > 0, 1772 I < 771 ,2 | 771 -b 772 } 

identifies (T x T) with an invariant subspace of 

H\T) (g) L\T) = spin : 771 > o|. 

The operator P(dk),{ek) Gidii is a bounded idempotent on this space and there¬ 
fore 

Q{ek) = ° {P(dk),{ek) ® idLi(T)) o Sl 
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is a bounded idempotent on (T x T). Since L (IJ Ak) = {{di,d 2 ,...} x Z) fl 
L (N X N), the map Q(ip,...) acts on (T x T) as given by = l[jAkf- 

Since T = T oQ(ia,..:)j it is enough to prove that T is bounded on polynomials 
whose Fourier transforms are supported in IJ Ak. 


Let / be such polynomial and let fk = Ia^/- Then / = J2k=i fk toJ” 
some n. For any choice of ei,£ 2 ,... € { — 1,1} we have Q(e^)f = Y^k=i ^kfk- 
Thus \\Y.k=i^kfk\\i < ll/lli (since the norm of P(d;,),{ek) depends only on 
(dfe)). Since / = Q{ek)Q(ek)f S^t the reverse estimate and consequently 
IEfe=i^fc/fc|li ~ ll/lli- Applying pointwise the Khintchine inequality we get 


(ELil/fcf 


. Moreover, 

1 


i/fci 


ni-\-n2—dk 

dk 

ni—0 

dk 

^ /fe(ni,4-ni)e“d*i-‘2) , 

ni=0 


, where fk € (T) is 

a polynomial of degree at most dk satisfying fk{j) = fk ij,dk — j)- Since 
Tfk (j, dk- j) = fk (j, dk- j) for Nk \ j and 0 otherwise, the action of T on fk 
is given by 

Tfk ='^ fk (j) (fP = fk* U}Nk, 

NkU 

where ujn is a measure given by lJn (j) = 1 for N \ j and 0 otherwise. Thus 
l|T/||i < ||/||i transforms into 





2 \ 2 

This allows us to write / i ~ 

(ELi 

fk 

) 





< 



It is easy to see that that the convolution with is the orthogonal projection 
onto the space of -measurable functions, where is the sigma-algebra of 
subsets of T whose characteristic functions are ^-periodic. Then the action of 
Wat is given by the formula 


Therefore Theorem 2.2 is implied by the following. 
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Theorem 2.3. Let di,d 2 , ■ ■ • and Ni,N 2 ,... be sequences of natural numbers 
such that {dk) is lacunary, Nk \ Nk+i and Nk < Nk+i- Then the following 
conditions are equivalent. 

(i) There exist constants a,C such that dk < CNk+a- 

(a) For any trigonometric polynomials /i,..., S (T) such that deg fk < 
dk the inequality 

C n \ 2 / n \ 2 

ElM'j 

is satisfied. 

(Hi) For any trigonometric polynomials /i,..., € Fl^ (T) such that deg fk < 

dk the inequality 

The condition Nk < Nk+i is here only to reduce the technical difficulties 
in the proof of implication (ii) =^> (i) by guaranteeing the lacunarity of {Nk). 
It is easy to see by a standard Khintchine-based linearisation argument that if 
we allow repetitions in the sequence {Nk), then the condition (ii) for sequences 
{dk), {Nk) is equivalent to condition (ii) for sequences (d^), {N() such that {N() 
is {Nk) with repetitions removed and d'/. = max^v^^^/ dj. 

Proof. We will prove first (i) (ii). We do not need Nk \ Nk+i. Sup¬ 
pose that (i) is violated and (ii) holds. Take (mod Nk). 

The condition (i) is violated for sequences (d(,) and {Nk) as well, since dk < 
2 {d'l. + Nk + T). The condition (ii) is satisfied for the sequences (dJ.) and {Nk) 
and two sided polynomials fk & T^(T) (not necessarily in id^(T)), because for 
any polynomial fk € L^{T) of degree < d(, we have fk = e~^‘^>‘*Fk, where Fk is 
a polynomial in id^(T) of degree < dk and commutes with multiplying by 
e-i4*. 

Let us take an arbitrary a. Then there exists k such that d^ > Nk+a- We 
may apply the inequality from condition (ii) to fk = ... = fk+a = and 

fj = 0 for j ^ {k,... ,k + a}, where is the Fejer kernel. Let Ik = — J-) • 

It is easy to check that > dj.1/^ and that the condition d(, > Nk+a implies 
that for k < j < k + a the function E)(f^ 1/^ is supported on a sum of Nj disjoint 
intervals of length ^ and attains only vlaues 0 and . We have 


(a-|-l)2 = E 



( k-\-a 

i=fc 



fc+a 


> 


1 


E (^'^pp \ s'^pp ^^0 - 

j=k-\-l ^ 
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2T:Nj 


27rA?^_i\ 

) 


> 


a, 


where the last inequality follows from lacunarity of (Nk). Since a was arbitrary, 
this is a contradiction completing the proof of implication (ii) (i). 


Since Corollary 1.6 gives (iii) (ii) immediately, the only thing left is 
the proof of implication (i) (iii). We can assume without loss of generality 
that dk < CNk+i, because in general case we consider sequences (dafc+&)^i 5 
i^ak+b) 1;^ for 6 = 0,..., a — 1 and add the resulting inequalities. 

We will need two lemmas. We will assume that all functions involved are 
absolutely continuous. 

Lemma 2.4. Let = x — whenever < x < ^(/c + 1). Then 

(E-E^)/ = /' 


Proof. Let Xk = x + ^k. Then 


1 r^k+i 

(E/-E^/)(x) = — ^ / {f{x)-fixk))dx 


2it 


E 


px 


f'{y)dydx 




= - E 

27r ^ 


CXk-irl 


{xk+i -y) f'(,y)dy 




= ^ y V'w(a; - y)f'{y)dy = {tpN * /') (a;). 


Definition 2.5. For any function / : T —> C we put 

E|/'| 


Ber/ = 


E|/l ■ 


Lemma 2.6. Let H-H be a differentiable norm on C" such that ||(a;i,... ,x„)|| < 
||(xi,.. .,Xn)\\ii^ and ||(a;i,... ,x„)|| = ||(|xi|,..., |a;„|)|| for any xi,...,a;„ G C. 
Then 

Ber||(/i,...,/„)|| < ||(Ber/i,...,Ber/„)||^, 
where ||v||^ = sup||„,||^]^ |(u,r(;)| is the dual norm. 

Proof. Denote / = (/i, ■ ■ ■, /«)■ Then by the pointwise inequality |||/|n < 

ll/'ll 

Ber||f|| = EMn<ffil<^Ek 

ll/ll - e||/|| - E||/|| 


EfclE|/fe|Ber/fc 


||(E|/i|,...,E|/„|)||-||(Ber/i,...,Ber/„)||^ 

Ell/ll 


< ll(Ber/i,...,Ber/„)||^. 
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In order to prove (i) (ii), we follow the usual routine of Section 1. The 

divisibility condition Nk \ Nk+i implies that {^Nk)k-i ^ decreasing filtration. 

~ 1 

Denote tpk = E*N^fk and Aq = 0, Afc = for fc > 1. 

Obviously BerE^_,_^/ < Ber/ for nonnegative /. Note that tpfc is a polynomial 
of degree at most dk- By Lemma 2.6 for || • 11^2 and Bernstein inequality, 


BerAfe < (^{Beripkf + (BerAfe_i)^^ ^ < (dl + (BerAfe_i)^^ ^ 

and thus, by lacunarity, BerAfc < + ... + df) ^ < dk- Therefore, by Lemma 

2.4, 

Afc = 

< EAfc + EAfe — E^^^^ Afc 

= EAfc + \tpNk+i * Afc I 

ElA'fcl 


< EAfc - 

<(l + 


fVfc+i 

BerAfc^ EAfc 


fVfc+i 

27r(ifc 


J 


N, 


k+l 


EAfc 


<EAfc. 

Ultimately, applying Lemma 1.5 to (pfc and Lemma 1.3 to /fc and E^^ we get 

_! 1 

ll('/^fc)Lillind - (EA„)^ (^maxsupAfc) < (EA„)2 (^maxEAfc 


y k<n 


\ k<n 


= EA„<E|^^|/fc|"^ 
completing the proof of the theorem. 

It has to be noted that all the information about /i,..., /„ we used in the 
proof of the crucial implication (i) (iii) was contained in Ber(pi,..., Ber(/?„. 
Thus in the (i) (ii) implications in the Theorem 2.3 and Corollary 2.7 we 
only need Beri^fc < fVfc+oi without the assumption that ipk are polynomials or 
belong to H^(T). 

The main part of the following corollary is somewhat trivial. We state it 
separately for its similarity with Theorem 2.9 and Theorem 5.8 (compare results 
[13], [8]) and because we find the fact that the assumption dk < Nk+a can be 
weakened in neither Theorem 2.3 nor Corollary 2.7 worth a proof. 

Corollary 2.7. Let di,d 2 , ■ ■ ■ and Ni,N 2 , ■ ■ - be sequences of natural numbers 
such that {dk) is lacunary and Nk \ iVfe+i. Then the following conditions are 
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equivalent. 

(i) There exist constants a,C such that dk < CN^+a- 

(a) For any polynomials (pi, G iJ^(T) such that (pk is ^-measurable 

and degpk < dk, the norms ||(t/5fc)fc=i||£,i(£ 2 ) and ||(v3fe)fc^iHind are comparable. 

Proof. The implication (i) => (ii) is almost trivial and does not need pk G 
H^{T): the inequality ||((/5fc)r=iII li(£ 2 ) < ll(V5fe)r=illi„d is just Corollary 1.6 and 
the inequality \\{pk)1^i \\^ lli„d is just Theorem 2.3 applied to 

fk = Pk- 

In order to prove the implication (ii) => (i) we proceed just as in the proof 
of Theorem 2.3. We assume for the sake of contradiction that (i) is violated 
and (ii) is true and then modify sequence {dk) in such a way that (ii) is satisfied 
without the restriction pk € H^{T). Then we choose arbitrary a, C G N and 
Hnd k such that dk > CNk+a- Let us put pk = ... = Pk+a = 
and pj = 0 for j ^ {k,... ,k -\- a}. It is easy to see that Wj.^^^^KcNk+a Las the 
same distrubution as Kq. Applying (ii) gives 


We replace the function t ^ t^ by t i—> min {ti, Mj, take the limit with 

a ^ oo by the law of large numbers and pass with M to infinity by dominated 

1. 

convergence to get I > (EAT^) ^, which is false when C is large enough, giving 
the desired contradiction. 

We may now combine the results of this section. 

Corollary 2.8. The independent sum iL^(T)).^j is isomorphic to a com¬ 

plemented and invariant subspace of H^{T x T). 


1 — (a+1) ^ \\{pk)1^i\\ki(p)^ {a+~^) HKv’fcjfc^illind “ (u + 1) 



Proof. Take for instance dk = kl = Nk+i. Using the notation of Theorem 
2.2, the space X = span : n G S} is invariant and complemented in 

H^{T X T). The desired isomorphism T : (0iJ^(T)).^j —)■ X is given by the 
formula 

Ti{fk)Zi) = T. E 

k 0<j<dk ^ 

Nk\3 

where only finitely many fk are nonzero. Clearly T is one-to-one and has a 
dense image. Moreover, by the proof of Theorem 2.2 and Corollary 2.7, 


\\T{{fk)Zi)\\miT.T) 


/ 

E 

0<j<dk 
\ Nk\j 



/ fc=l 
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\\ifk{N,t))z^h.^,.^ - ii(/fc(^fct))r=iiii„d = ii(A)r=iiii„d 

since fkit) and fk (Nkt) have the same distribution, which completes the proof. 

Although the assumption Nk \ Nk+i is crucial for our proof of Theorem 
2.3, it turns out that at the price of a stronger qualitative assumption on the 
sequences (dk) and (Nk) we can retain the comparability of norms proved in 
Corollary 2.7. 

Theorem 2.9. Let di,d 2 , ■ ■ ■ and Ni,N 2 ,... be sequences of natural numbers 
such that (dk) is lacunary and 'Zk ^ ^ some a. Then for any poly¬ 
nomials ipi,... ,ipn € dL^(T) such that (pk is Tff^-measurable (we do not imply 
that is a filtration) and degipk < dk, the norms \\{’Pk)k-i\\L^{i^) 

ll(V5fc)fc=illind comparable. 


Proof. Without loss of generality we may assume a = 1 and 27r Y) < 5 - 

Let us fix A: and 4+1,... ,4 and denote Mfc(t) = + J2]j=k+i 

By Fejer-Riesz lemma, Uk is the modulus of a trigonometric polynomial of degree 
< dk-i. It follows from Lemma 2.4 that 


T 

n —1 


ulit) + ^ / (^fc(s) + \Tkit)f) 


2it 


/TxT 


5 ds dt 
27r 27r 


E j ^ t - L, ^ 




Nk 


(ul + \pk(t)f) " ] (t)^ - I E + \pk{t)f^ " ^ 


i dt 


< 


27r 

—E 
Nk 


(E-E^J (ul + \Mt)\ 


T 

2 \ 2 


(“fe + \Tk{t)\ ^ 
27rBerMfe 


/ \ dt 

27r , , , dt 

TI7 L.' 


^ < / ^E|4J:F = 


27T 


Nk 


27T 


‘^'irdk —1.... 

Euk < —TT— Euk. 

JVfc JVfe 

By the above inequality and Corollary 1.6, 

ll(7>fc)LlllLq..)-|l(<7>fc)Llllind 


E 


jn-k \Jj 


\Tkit)f +ul 


I dt 

27T 


+ 


/TxT 


(\<Pkitk)\^ + ul{t)^ 


i dt dtk \ dffc+i dffe+i 


27T 27T J 27T 


27r 
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fc=l 


dk 

Nk+] 


ii(¥>fc)r= 


lllind ^ 2 


lllind 


which gives the desired comparability. 


3 Independent sum of HliS) 

Let us fix the notation concering the Cantor group and briefly recall the basic 
information about the dyadic Hardy space. A standard reference in this matter 
is [15]. 

Let J'n be the sigma-algebra generated by dyadic subintervals of [0,1] of 
length 2“” and T* be the sigma-algebra of subsets of [0,1] whose characteristic 
functions are 2“”-periodic. It is easy to see that and T* are independent. 

We will work with the Cantor group where our model for Z 2 is {0,1}. 
Its elements can be identified with subsets of N"*". Elements of the dual (Walsh) 

group Z 2 ^ are finitely supported Z 2 -valued sequences indexed by N"*" and can be 
identified with finite subsets of N"*". Thus max A and min A are well defined for 
A in the Walsh group and min x is well defined for x in the Cantor group (with 
the natural convention max0 = O,min0 = 00 ). The duality is given by the 
formula wa{x) = (—l)Z)fc=i ^ Addition on any of these groups corresponds 
to the symmetric difference of sets. The metric on the Cantor group will be 
d(x,y) = d{x -y,%) = = 2 " 

We will frequently use the canonical measure-preserving identification of 
[0,1] and the Cantor group given by the formula 

00 

5 ^ ^ X! ^ !]• 

k^l 

In this setting, wa = rifceyi Xk , where rk (t) = sign sin (2^7rt) are the Rademacher 
functions. The Walsh functions form a complete orthonormal system in L^[0,1] 

just as they did in ^Z^^^ Also, Tn corresponds to the product of full 

sigma-algebra of subsets of Z^^’ and the trivial sigma-algebra of subsets of 
Z^"”*”!’ '}, while T* is the same with the words ’’trivial” and ’’full” interchanged. 
The metric on the Cantor group corresponds, up to scaling, to the dyadic metric 
on [0,1]. 

We denote the standard martinagle differences by Aq = Eg, = E^ — Efc_i 
for k > 1 and define the square function by 


S{f) 


\n=0 / 


2 


18 



An equivalent definition is 


SU) 


E 

k n—O 


max A—n 


2 \ 2 


since the space of J^„-nieasurable functions is spanju;^ : A C {1,... ,n}} and 
thus the space of n-th martingale diffrences is exactly spanjiCyi : max A = n}. 
The dyadic Hardy space (6) is the space of integrable functions defined on 
[0,1] such that the norm ||/||/ri( 5 ) = IE>S'(/) is finite, equipped with this norm. 
It is known to be a Banach space, as a consequence of the Davis inequality 
and Doob martingale convergence theorem. By H^{5) we mean the subspace 
of (S) consisting of J>i-measurable functions. The first definition of the 
square function gives a canonical isometry t : (S) —> ([0,1],^^) by t(f) = 

(A„/)“^p. The range of t is exactly the space {(/„) € (£^) : /„ = A„/„} 

(since the latter is a Banach space as well). It is convenient to consider an 
orthonormal basis in consisting of functions of the form wa <8) e„, where 

e„ are unit vectors in £^. Then t is the closure of the span of WA'SiemaxA, 

where A runs through finite subsets of N+. We will denote by the function 

space on [0,1] with the norm WfWn^s) = " = ||i(/)||i 2 (^ 2 ). An easy 

calculation shows that i is an || • \\l 2 -a || • ||l 2 (£ 2 ) isometry, so H^{S) = flL^. 
However, we will sometimes use the H'^{S) notation to emphasize that we are 
dealing with the norm expressed in terms of the square function. 

The following theorem of Muller and Schechtman [15], [16] introduces the 
space and -^n(^))ind' present a new proof which gives a better con¬ 

stant. 

Theorem 3.1. Let be a family of intervals in N’*' sueh that max/„ < 

min/„+i and let G (/„) be spanjw^ : A C /„}. Then the orthogonal projee- 
tion P onto the subspace spanlj G (/„) extends to an bounded H^{d) -A H^{d) 
operator. 


Proof. It is enough to prove boundedness of P on functions / which are 
finite linear combinations of Walsh functions. Denote /„ = [a„, &„]. 

Claim. AkPf = Afc/ if A: e /„ and AkPf = 0 if fc ^ Un 

Indeed, suppose first that k ^ 1J„ In and take A such that A C In for some 
n. Since A^ is the projection onto spanjrcA : max A = k} and max A € In, we 
have A^wa = 0, so A^ restricted to the image of Pf is identically 0. On the 
other hand, it k G Ino for some Uq. By the identification of [0,1] with the 
operator Ea„-i i® projection onto span {wa ■ min A > a„}. Thus, operators 
AfeP and E*^_ 2 Afc both correspond to idempotent Fourier multipliers on the 
Walsh group. We have AfcP(A) = 1 iff max A = k and A C In for some n, and 
E*^ _j^Afc(A) = 1 iff maxA = k and minA > a„(, and since no is the only n 
such that k G In, these conditions on A are equivalent, which proves the claim. 
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Let gn = (j2k&ir, l^fc/fcl^) ^ • Then is J{,„ C Ja„+i-i-measurable. Thus, 
it is independent on by Corollary 1.7 applied for gn and 

we obtain 

\ n k^I-n / \ n / \ n / 

^^®^(eE (e E =^II^/||^T^)- 

\ n fce/n / \ " fce/n / 

In order to exibit the connection between the range of the projection in Theorem 
3.1 we need the following observation. 

Lemma 3.2. Consider the dilation operator Tf{x) = / (2a; (mod 1)). Then 
Twa = wa +1 and T{fg) = (Tf){Tg). Moreover, T preserves distribution and 
STf = TSf. In particular, T is an isometry in the || • ||_f/i( 5 ) norm. 

Proof. The property T{fg) = (Tf)(Tg) and preserving distribution are 
obvious. In the Cantor group seting, T corresponds to the superposition with 
the map (a;i, 0 : 2 , • ■ •) (a; 2 ) a^ 3 , ■ • •) and thus Trk = rk+i and consequently 

Twa = WA+i- Therefore 

2 2 

{STff = E E {Tf, wa) WA = E E {Tf,WA+l)wA+l\ = 

n max A—n n max A—n 

2 

E E {f,WA)wA+l\ =T{Sff. 

n max A—n 

Suppose that |/„| = n in the setting of Theorem 3.1. Let Tn = be 

the power of T sending Tlf{5) to G {In)- For n^m the elements of G {Gn) and 
G {Cm) are independent as random variables, since they are built of disjoint sets 
of Rademacher functions. For these reasons, the space (spanlj G (G„), || • ||//i( 5 )) 
is usually denoted by "^be notational difference highlights 

the fact that it is not precisely an independent sum in our sense. However, we 
have the following 

Corollary 3.3. The space (0“=i i {HI{6))).^^^ is isometric to (E“=i -^n('^))i„d- 

Proof. Note that for n ^ m, the square functions S {Tnfn), S {Tmfm) are 
independent and S (f^Tnfn)^ = ^ {Tnfnf, both due to the fact that T„/„ 
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and Tjnfm use disjoint sets of Rademacher functions. By Lemma 3.2 




m{5) 


= ES 




= E I 


2 \ 2 


C 1 

= / (E ^ i'^rifn) {Xnf') ^ dxidX2 . . . 

= / (^S{fn)iXnf)^ dxidX2... 

d[0,l]“ ^ ^ 

= / (j2h{fn){Xn)\\%fdx^dX2... 

= ll(^ (/«))“! Hind 

which gives an isometry between (spanlj G (C^), || • ||_f/i( 5 )) and (0 6 


4 The i^-closedness result 

We recall certain notions from interpolation theory due to Peetre and Pisier 
[17], [18]. 

Definition 4.1. Suppose that Banach spaces Xo,Xi are embedded in a linear 
topological space X (we will call them then a compatihile couple). For t > 0 and 
f in the algebraic sum Xq + Xi we define the K-functional as 

Kt{f,Xo,X,)= inf llffllxo + llhll^f,. 

f=g-i-h 

ih^Xl 

Definition 4.2. Let (Xo,Xi) be a compatible couple and Pj be a subspace of 
Xi fori = 0,1 (we will call ((PoTi) u subcouple of {Xq, Xi)). We will say that 
the couple (PqTi) K-closed in the couple (Xg^Xi) if 

Kt{f,Yo,Y,)<CKt{f,Xo,X,), 

where C does not depend on t and f. 

Lemma 4.3. Let (PoTi) be a subcouple of {Xq, Xi) and denote the norms on 
Xi by II • ||i. The following are equivalent. 

(i) (lo,Pi) is K-closed in (P'o,Xi). 

(a) For any f €Yo + Yi and a decomposition f = xq + xi, where Xi € Xi, there 
exists a decomposition / = j/o + 2/i such that yi €Yi and ||yi||i < G||a;i||i. 

Proof. The implication (ii) (i) is obvious. We will prove (i) (ii). Let 

f = Xq + xi. If ||a;o||o = 0 or ||a;i||i = 0, there is nothing to prove. Otherwise 
let t = jj[^°jj° . By RT-closedness, there exist yo,yi such that f = yo + Ui and 
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IIj/oIIo+ i||yi||i < 2Kt{f,Yo,Yi) < 2C2Kt{f,Xo,Xi) < 2C (||xo||o + t||a:i||i) 
and the result follows. 

Let us recall the most elementary version of vector-valued Calderon-Zygmund 
theorem, in which we assume L^-boundedness and existence of the principal 
value. 

Theorem 4.4. Let Bi, B 2 be a reflexive and separable Banach spaces and 
{X, d, p) be a space of homogeneous type. Let K be a function on X x X with 
values in the space C{Bi,B 2 ) of bounded operators from Bi to B 2 , bounded out¬ 
side any neighbourhood of the diagonal. Suppose that K satifies the Hormander 
condition 

sup sup / \\K{x,y)-K{x,yfl)\\^,g^g.dp{x) <Ci<QG. 

r>Odiy,yo)<rJx\B{yo,2r) 

If the operator T acting on L^ {X, Bi) is given by the formula 

Tf{x) = P.Y. [ K{x,y)f{y)dp{y) 

Jx 

for any x € X and ^ then T is of weak type 1 — 1 and 

consequently is bounded from L^ (Bi) to L^ {B 2 ) for 1 < p < 00 . Moreover, 
112 ^/ 11 ^ 1 , 00 (^ 2 ) — ^ll/lliHSi)> where C depends only on Ci,C 2 and the space 
{X, d,p). 

Our main tool will be the following result of Bourgain [2]. 

Lemma 4.5. (Bourgain) Let {X,d,p) be a space of homogeneous type and S 
be some linear space of -valued bounded measurable functions on X. Denote 
Sp = S''' ^ Suppose that the orthogonal projection P : L'^ ^ S 2 is given 

off-diagonal by a C -valued Calderon-Zygmund kernel K, i.e. 

Pf{x)=f K{x,y)f{y)dp{y), 

Jx 

for X supp /, where K satisfies the Hormander condition. Then the couple 
(Si,Sp) is K-closed in ,L^{(fly), with a constant depending only on 

the constant in Hormander condition, the > Lf norm of P and the 

space {X, d, p). 

It has been originally stated in a scalar-valued version, but the proof trans¬ 
lates verbatim into the £^-valued version. We will use it only in the case of p = 2 
and P given by the principal value. 

Corollary 4.6. The couple {H\T),H^T)) is K-closed in {L\T), L^(T)). 

Proof. We apply Lemma 4.5 to the case of X = T with Lebesgue measure 
and metric d{x,y) = |e“ — e**^|, S = span{e“* : n G N}. The projection P is 
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just the Riesz projection corresponding to the kernel K {x, y) = which 

is known to satisfy the required conditions. 

From now on, our space of homogeneous type will be the Cantor group (with 
dyadic metric and Haar measure). The following trivial observation has to be 
made. 

Lemma 4.7. If the convolution kernel K is radial (i.e. K{x) depends only on 
d(x,9), or, equivalently, on minx), then the integral in the Hormander condition 
vanishes. 

Proof. Suppose d{x, 0) > 2r and d{y, 0) < r. Let m be an integer such that 
2 -m-i < j. < 2“™. Then d{x,%) > 2“™, d{y,%) < 2“™. Thus minx < m < 
minj/, so min(x + y) = min(x) as desired. 

Since (E„ — E„_i) / = X]maxA=n (/> ^- 4 ) '^-4) convolution with the bounded 
kernel 

Kn= ^ WA 
max A—n 

is exactly the operator A„. An easy calculation shows that 

n = 0 

1 < n < minx 
n = min x 
n > minx. 

Sums over n involving are defined at each point x 7 ^ 0, since they automati¬ 
cally truncate at n = minx. For n € N, we will denote by e* the n-th coordinate 
functional on 

A simple example of utilising Theorem 4.4 is an immediate proof of Theorem 
1.1 in the dyadic case. 

Corollary 4.8. The Stein martinagle inequality is true for the reversed dyadic 
filtration iiPn-k)k=o on [0,1] (or, equivalently, for the filtration (,^k)k=o)- 

Proof. The equivalence of considering the inequality for the mentioned fil- 
trations is achieved by changing the order of coordinates in the Cantor group, 
so we will prove it for the reversed dyadic filtration. The orthogonal projection 
(/fc)^o (Eo/o 5 • • ■ ,E„/„, 0 ...) is the convolution with the kernel 

I XI I ® (efe O e*k), 

k<n \j^k j 

since = X].4c{i fc} ^-4 ® projection onto fc-th coor¬ 

dinate. This kernel is expressed (finitely) in terms of kernels Kj, so it is radial 
(and bounded), so Theorem 4.4 ends the proof. 

The following lemma will be used to transform limits arising in principal 
values into pointwise limits of martingales. 


r 1 if 

I 2”-i if 

I -2”-i if 

[ 0 if 
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Lemma 4.9. Let wi,..., ... he vectors in the unit ball of a Banach space B. 

Denote by Km the L B)-valued kernel 

Km = ^ Kn ® (t’n ® 6* ) . 

n<m 

Then for any f G 

lim [ Km{y)f{x - y)dp,{y) = 0 


for almost every x. 


Proof. Denote B Um = (2 ™,2 "*''■^,...,1,0,...) and (f^) B |/| = 
(I/n 1 )^= 0 - We have 


[ Km{y)f{x - y)dp,{y) 

_ 

E-"/ -n{y)Ux-y)d,{y) 

^3(0,2-™) 

B 

n<m -'BIB,2 — ) 


< ^ 2""i 

n<rr, 

= E 


/ ^ 5(0,2-^) 

n<m ) 

2'n.—m—1 


m(B(0,2-™))7b(0,2- 


<m //•'-d(0,2 

I/I (x) 


|/„(a;-y)|d/i(?/) 

\fn{x-y)\dp.{y) 


= E2 


n<m 

= ^ (■u^,E™|/|(x)) 


which tends to 0 for almost every x since Em|/| ~^ |/| almost everywhere and 
Um -B- 0 weakly in 

We are now ready to prove two main theorems of this section. 

Theorem 4.10. Let 

K = '^Kn®{en® e* ) . 

n 

The operator f i—>■ P.V. {K * f) coincides with the orthogonal projection P : 

^ for f € L^ and is well defined and continuous as 

an L^ > L^’°° operator (and thus as an L^ —>■ L^ one for 

1 < p < oo). 


Proof. Just as in the proof of Lemma 4.9, denote 

(£ (£2)) 9 ^ (g) (e„ (g) el). 

n<.m 
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By the explicit form of k„, we have K{y) = Km{y) if d{y,%) > 2 Let 
f & (^^)- Then by Lemma 4.9 


P.V.{K * f){x) = \im / K{y)f{x -y)dy{y) 

’’^0 Jl«+\B((D,r) 

= lim [ K{y)f{x -y)dy{y) 

jz5+\b(0,2-'") 

= lim / Kmiy)f{x - y)dy{y) 

jz5+\b(0,2-™) 

= lim / Km{y)f{x - y)dy{y) 

m—¥CC) f'wN+ 


= lim {Kjn*f)ix). 


Let f € L'^ . Since e„ (8) e* is the projection onto n-th coordinate and 

Kn*fn = A„/„, we have *f = J2n<m (An/n) (8) e„ = E„ (P/), which tends 
to Pf, as desired. Now let f € (f^). The bounded kernel Km induces a 

norm 1 orthogonal projection and is radial, so by Lemma 4.7 and by Theorem 


4.4, 


Xy \ \ \^nfn{x)f >aI<C| 


\\L^{P) 


where C is a numerical constant. Passing to the limit with m ^ oo we in¬ 
fer that |A„/„(x)|^ is finite a.e., so the pointwise limit P.V. {K * /) (x) = 
lim„^oo {Km * f) (x) = lim^^oo (Ao/o(x), ..., Amfm(x), 0 ,...) exists almost 
everywhere and the result follows. 


Corollary 4.11. The couple {{l {H^{S)) , || • \\me‘^)) , {H‘^{d)) , || • \\L^e‘^))) is 

K-closed in (P^ 


Proof. It is simply a combination of Lemma 4.5 and Theorem 4.10. 

It has to be noted that P is not P^ —)■ P^ bounded. In fact, it is not 

even bounded when restriced to the subspace of / such that ^k-ifk = 0, which 
follows from Theorem 1.4 by restricting the domain to P„-measurable functions 
and reversing the order of the filtration. Consequently, the map i~^P can not 
be P^ —>■ P^ bounded, since that would imply 


±A„/„ 


Li 


II/IIli(^2) > 


which after averaging over choces of signs would give boundedness of P. How¬ 
ever, we can prove a result analogous to Theorem 4.10 for l~^P. 


Theorem 4.12. Let 


fc = (8> e* 
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The operator f i—>■ P.V. {k * /) coincides with the map i~^P : -5- H‘^{S) 

for f & L'^ and is well defined and continuous as an —>■ oper¬ 

ator (and thus as an (£^) -5- one for 1 < p < oo). 


Proof. Analogously to the proof of Theorem 4.10, we put 
L°° 5km=^ Kn<E> e*„, 

n<.m 


note that P.V. (fc * /) (x) = limm-s-oo km * f{x) for f € and that for 

f & Lf we have km* f = Em {i'~^Pf) —^ i'~^Pf- The only difference is the 
proof of existence of a pointwise limit oi km* f for f € [P). 

By Theorem 4.4 applied to km, we get 


^ A„/„ 

a<in<.b 


Ll,oo 


sup A/i 

A>0 


^ A„/„ 

a<.n<ih 



< c 


l/n 


k a<n<.b 


Li(^2) 


which implies that M„ = kn * f = ^ Cauchy sequence in 

Let M be its limit in L^’°° quasinorm. We are going to prove that Mn converges 
to M almost everywhere. By the weak type convergence, Mn converges to M 
in measure, so Ma„ —> M almost everywhere for some increasing sequence (a„). 
Denote /„ = {a„,... ,a„+i — 1} and for any j let n{j) be the unique integer 
such that j G In(j) ■ Consider the kernel 







(oi, 


J* + l 


where = 0 for n n(j) and 


MnU) (*) 


1 if i > j and j a„(j) 
0 otherwise 


for i G It is easy to see that (Ar(ai,....a„) * /)„ (j) = I2a„<i<j A*/* for 

j € In- If f € L'^ (f^), then by the maximal inequality of Doob applied to the 


martingale 


(s 


an 



with respect to the filtration 


we get 


E 


/ 


V 

max 

1 i6/n 

E 

<E 

an<i<j 

/ 


E 

dn + 1 


2 


<E E 


which after summing over n gives the L^-boundedness of convolution with 
K{ai,...,am)- Together with the radiality of K^ni,...,am)^ gives the weak type 
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estimate 


sup A/x 

A 


/ 

E 

yn<m 


max 

je/n 


E 

a-n, 


>A 




Thus x;r=i Y.a„<i<j is finite a.e., so maxjg7„ Y.a„<z<j 


converges to 0 a.e. But J2a,^<i<j ^ifi = ^3 “ for j e so Mj - 
converges to 0, which together with —?■ M completes the proof. 


5 Isomorphisms between independent sums 


We will use the identification of independent sums with certain subspaces of 
Orlicz spaces [6], [7]. 

Definition 5.1. Let $ : [0,oo) —> [0,oo) be convex, increasing and $(0) = 0. 
For f £ {X,B), where X is a measure spaee and B is a Banaeh spaee, the 

Orliez norm assoeiated with the function $ is 


ll/lk = inf 


|fc > 0 : 





d/x < 1 > . 


Theorem 5.2. Let e (0j^i Then 


\\ifn)Z 


lllind 


U/^ 


where 0^^ fn a function defined on the disjoint sum Lin such that (1J“=1 fn) (w) 

fk (uj) whenever uj € Ltk and 


$i(a;) 


for 0 < X < 1 
2x — 1 for X > 1. 


Note the following routine but useful observations. 
Lemma 5.3. For f & L'^ {X, B), 

ll/lki ~ inf hh^B) + WHl^b)- 

g+h=f 

geFiB) 

h^F{B) 


Proof. To prove the inequality <, take any g, h such that g+h = f. Then, by 
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$i(a;) < min(2x,x^) and convexity of $i, 


$1 


\\9 + Hb 


|li(B) + \\h\\L'^(B) 


dfi < / 


IlfflliHs) 


IlfflliHS) + \\h\\L'^iB) \\g\\L^B) 

II^IIl2(b) II^IIb 


llffllLi(B) + II^I|l2(b) \\h\\L^(B) 


dfi 


< 


iLi(iJ) 


||li(b) + II^IIb2(b) 




IlfflliHs) + II^IIl2(b) 

< 2 . 


$1 


VII^IIb2(b) 


dfi 


Since $i (f) < taking k = 2 {\\g\\Li(B) + \\h\\L 2 (B)) gives the desired 

inequality. 

Now take A: such that f $i ^ ^ d^ < 1. We have to prove that inf||ff||Li(B) + 

II^IIb 2 (b) ^ k. By homogenity we can assume that k = 1. Let g = f • l||/||g>i 
and h = f ■ l||j^||g<i. Then, by the inequality < 1 + x, 

II<7||bi(b) + WHl^b) = [ ll/l|Bd/x+ ( f WfWldfA 

<1+/ (2||/||B-l)d/r+ / ll/f^dM 

= 1 + / $i(||/||B)d/X 
< 1 - 


Corollary 5.4. For f e we have 


~ g„+"h!=f„ ^ \\9n\\LHn,B) + ll^"lli^(n.B)) ' • 

5 n (o,B) 

?i„eB^(n,B) 


Proof. It is an immediate consequence of Theorem 5.2 and Lemma 5.3. 

Below we will be dealing with subspaces X C (where is possibly vector 
valued; we will sometimes omit indicating the space of values) such that X DL'^ 
is dense in X. Let X, Y be two such subspaces, possibly with values in differ¬ 
ent Banach spaces. For an operator T : X ^ Y, we denote \\T\\c(L^)nC{L‘^) = 

ll'^llc((jf,||-||^i).(F.||.||^i)) + ll^ll£((jfnBM|-||^2),(ynBM|-||^2)) op¬ 
erator norms induced by and —>■ norms). 

Definition 5.5. Let Xn C , Yn C and consider a sequence of opera¬ 
tors (Tn), where T„ : Xn —>■ T„. FFe will call it Rind-bounded if the operator 
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(07’„)i„d : (0^n)i„d ^ (0^«)i„d defined by 


is continuous (or, in other words, ||(T'n/n)||i„d ^ ll(/n)ll 

ind^‘ 

The classical notion of -R-boundedness arises when we consider operators 
defined on the whole space and replace IHIjjjd with ||'llj;, 1(^2) • 

Lemma 5.6. Let Tn : Xn Yn be operators between subspaces of spaces. 
Suppose that one of the following is satisfied. 

(i) For any n the couple [{Xn, || • ||li) , {Xn H || • Hl^)) is K-closed in [L^, 
with a constant not dependent on n and the operators are uniformly bounded in 
—>• and Lfi Lfi norms. 

(a) The operators Tn are uniformly bounded in the —>■ norm. 

Then the operators Tn are Rind-bounded. 

Proof. Suppose (i) is satisfied. By Corollary 5.4 
\\iTnfn)\U- inf + 

'^n0'^n —-‘-njn '' ' 

^ , E \\Tn9nhi + (E W^nKWl.) " 

gnd-h„=fn ^' / 

gneXn,hnGX„r\L^ 

~ g„+^E„ E ^\Sn\\Ll + (XI ' 

gneXn,hn&X„nL^ 

- gJnLu EII5"IL. + (EII*"IIlO' 

II (/n) Hind: 

where the first inequality follows from the uniform bound on norms of T„ 
and the second from the uniform bound for the R-closedness constants and 
Lemma 4.3. 

Suppose now that (ii) is satisfied. Take any decomposition fn = Qn + hn. 
Then ^ ^ 

ll(ir„/„)||i„d ;$ (E WTnfnWl.) " < (X ll/nllii) ^ 

< (X \M\l)" + (X linniiL) ' < X ii^-iiz:^ + (E ii^"iiiO" 

and taking the infimum over all choices of gn, hn completes the proof. 

It has to be noted that the R-closedness assumption in (i) can not be 
omitted, since one can find, which we will not do, sequences of functions such 
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that ||J^„||p = ||/„||p for p e {1,2} and ||(-F„)||i„d ||(/n)|li„d is arbitrarily large. 
Nonetheless, the if-closedness assumption is trivially satified if Xn = L^. 

We will return for a moment to the issues of Section 2. Namely, we prove a 
quantitative version of Corollary 2.7. 

Lemma 5.7. Let 1 < p < oo, N G N+ and for f G 1] denote (EAr/)(a;) := 

^ fiN(x) where In{x) is an interval of the form [^, such that 

X G In{x). Then 

||(id-E^)/||^, < ^II/'IIlp- 


Proof For any x we have 


|(id-EA,)/(x)| = 

hh [ {f{x) - f{y))dy 

— 

N j [ f'{z)dzdy 


J In(x) 


J In(x) j V 


Thus 




<N [ \f'{z)\lconv{x,y}{z)dzdy < [ \f'{z)\dz. 

J \{id-EN) f{x)f dx = '^ |(id - Eat)/( a;)|^dx < 


j •'w 


N 


. 3 + 1 \ ^ 1 — 

i/'wid-i i/'wi^dz= 

j 


i/'wr 


NP 


as desired. 


Theorem 5.8. Let fVi,iV 2 ,... be positive integers such that Nk \ Nk+i for 
any k. Denote by Tk the sigma-algebra generated by intervals of the form 
1^’ /or 0 < j < IVfc o.iT'd by Ff the sigma-algebra of subsets ofT whose 

chracteristic functions are ^-periodic. Suppose that /i,/ 2 ,... are trigonomet¬ 
ric polynomials such that degfk < dk and fk is -measurable. Then 


(1 - ce ) ||(/fc)||.„d < ||(/fc)||Ai(,2) < (1 + ce ) ||(/fc)||.„d, 

where 9 = supj, and C is a numerical constant. 


Proof. Note that Fk and Ff. are independent and for general reasons, 
EJEfe+i = Efc+iE^. For any k, the function Ek+ifk is independent of the sigma- 
algebra generated by the functions E^+i/^, where j < k. Indeed, they are Fj+i- 
measurable and thus J^fc-nieasurable, while Ek+ifk = Efe+iEJ/^ = E^Ek+ifk is 
J^^-measurable. Thus, the functions Ek+ifk are independent random variables. 
By Corrolary 1.6, 


ll(/fc)llLq^^)-|l(/fe)lli„d < ||(Efc+i/fc)||Ai(,2)-||(Efe+i/fe)||i„d 
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+ \\\ifk)hm^) - ||(Efe+i/fe)||^,(,.)| + \\\{fk)\U - ll(Efe+l/fe)llindl ^ 

< ||((id - Efc+i) /0||i„d = ll((id - Efe+i) VdJk)\U . 

where Vd^ is the de la Vallee-Poussin kernel of order dk- By Lemma 5.7, for p G 
{1,2} we have ||(id - E^+i) < ^ || < j^J\VdJ\\^, < 

II/IIl? due to Bernstein inequality. Application of Lemma 5.6 to operators 
(id — Efc+i) Vd^ acting on the whole L^(T) ends the proof. 

Corollary 5.9. Let (/i,..., /„, ...) G (T, and let T be dilation Tf{x) = 

/ (2a;(mod 27r)). Then 

jim ||(T“‘A)||,.„.,„„ = ||(A)||„j. 

Trivially, the same holds if we replace T with [0,1] and 27r with 1. 

Proof. It is enough to handle the scalar-valued case since we can con¬ 
sider ||/fc||^ instead of fk- Let e > 0. Take polynomials gi,...,gk such that 
Wifk — fffc)llind ^ Then T^-^gk is of degree 2“^ deg and is ^-periodic. For 
some global constant C, by Corollary 1.6 and Theorem 5.8 

||(T“Vfe)|Lq,.) - ll(/fc)lli„d| < - ll(5fc)llind| + 

lll(/fc)llind - ll(5fc)llindl + |ll(T“Vfc)|Lq,.) - || | < 

<yak 

C max i\ “1“ = (7 (2 ^ H- s) . 

Thus, by a suitable choice of a and £ we can make || (T°'’^fk) ||^i(£ 2 ) ~ ll(/fc)|lind 
as small as desired. 

Theorem 5.10. Let X,Y be subspaces of L^ spaces, possibly on different do¬ 
mains and possibly taking values in different Banach spaces, such that there is an 
isomorphism M : X ^ Y such that the sequences {M, M ,...) and (M“^, M ~^,...) 
are R-md-bounded. We will say that a sequence {Xn)^^i of subspaces of X is a 
good net if it satisfies the following conditions: 

(i) Xn C L'^ are finite dimensional 

(a) there exist operators Pn ■ X ^ X„ and in ■ Xn -G X such that Pnin = idx„ 

and sequences (Pn) and (in) are indenpendently R-bounded 

(Hi) [jXn is dense in X in the Lf norm 

(iv) for any ni,n 2 there is such that Xm h) Xn^ C Xn^. 

Suppose that (Xn)(^^i is a good net in X and (Yn))^^^ is a good net in Y. Then 

\n—1 / ind \n—1 / 
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Proof. The core of the proof is the fact that (0-^n)ind isomorphic to 
a complemented subspace of (0b^)in(j- Consider the finite dimensional sub¬ 
space MinXn C Y. The projection from Y onto this subsapce is given by the 
formula Qn = MinPnM~^. By the conditions (iii) and (iv) for (T„), we can 
find h such that (id -I- T„) MinXn C Yn and is as small as desired. 

Obviously (id -I- T„) MinXn = (id pTnQn) MinXn- By the (ii) part of Lemma 

5.6, the sequences (id -I- TnQn) and ^(id -I- TnQn) are i?ind-bounded. Then 

(0-’^n)i„d is isomorphic to (0 (id-h r„(5„) C (0Tn)ind via the 

map (0 (id -I- TnQn) -^*n)ind (since the inverses of restrictions of to 
coincide with which are i?ind-bounded). The projection from (0Tfi)jj^j, 
which is complemented in (0 T„)i„d onto (0 (id -I- TnQn) MinXn)ind is 

(id-l-T„(5„) Qn (id-|-r„(5n) 'j 

V / ind 


We finish the proof in the spirit of Pelczyhski decomposition principle. Let 
cr : N —> N be any function satisfying = Hq for any n and denote V = 

(0^n)ind> = (0^«)i„d. ^ = (0^.(n))ind> ^ = (e^^(«))ind- Obviously 

{Xcr(n)) is a good net in X and (L(r(n)) is a good net in Y. By the already 
proved part of the theorem, V is complemented in V and by obvious properties 
of the independent sum, V ^V®A^V(BV®A^V®V ^ V for some A. 
By symmetry, W ~ W. But again, by the already proved part, V = IT © B for 
some B. Thus T~lT©i?~lT©lT©i?~lT©T. By symmetry, IT ^ T © IT 
and ultimately T~T^T©1T~1T~ W. 

We recall a claasical Marcinkiewicz-Zygmund inequality. 

Lemma 5.11. Let be Hilbert spares and T : X ^ {B 2 ), where X C 

(Bi) be bounded. Then for any /i, / 2 ,... G (Bi), 

j {^\\'rfn{x)fB^y dx <\\T\\ j ||/„(a;)|| 5 j " dx. 

Theorem 5.12. Letlimsupa„ = limsup6„ = 00 . Then the spaces (0 (T)) 

and (0t are isomorphic. 

Proof. We want to apply Theorem 5.10 to the case X = l (iL^((5)), Xn = 
i (iLj^((5)), Y = H^{T), Yn = Hn^{T). There are two nontrivial facts we need to 
verify. First is the existence of isomorphism M and the second is the condition 
(ii) in the trigonometric case (since in the dyadic case z„ are just identities 
and Pn = En act on the whole with uniformly bounded —)■ and 

—)■ norms). 

Approach 1. We will make use of the itT-closedness. The existence of the 
desired isomorphism M is guaranteed by the following theorem of Wojtaszczyk 
[25]. 
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Theorem 5.13. The L"^-normalised Haar system in H^{S) is equivalent to the 
orthonormal Franklin system in 

Since l is an isometry in norms, the isomorphism M transforming the 
Franklin system into image of the Haar system in t is an isometry in norms. 
Thus, by Lemma 5.6 and Corollaries 4.6, 4.11, sequences and 

are i?ind-bounded. In order to prove condition (ii) for iJ^(T), we will use an 
observation of Bourgain and Pelczynski [24]. 

Lemma 5.14. There exist uniformly isomorphic and uniformly complemented 
eopies of in in the sense of C (L^) fl C (L^) norm. 

Proof. Denote by the Fejer kernel and f(Bg = ^ 

Let Rn : Hf{T) ^ : Hf(T) ^ H^T), : H^T) ^ HflJ) be de¬ 
fined by i?n (ELo inif) = f®Rnf, Pn if ® g) = 

Kn * f + Rn [Kn * g) ■ One easily checks that = id//i(T) and Pn, in are 
uniformly bounded in any norm. 

Since by Lemma 4.3 and Corollary 4.6 the uniform complementation of 
in (HfiT)) in iJ^(T) gives itl-closedness of 

((*„ (iJET)),||-||Li),(*« (ili(T)),||.|U.)) 

in the sequences (i„) and (P„) are Pind-bounded by Lemma 5.6. 

Approach 2. We will not make use of the P-closedness results. The fact 
that sequences (P„) and (in) from Lemma 5.14 are Pind-bounded can be verified 
directly, by Lemma 5.6 for operators acting on the whole L^. Indeed, it is easy 
to see that \Rnf\ and j/j have the same dirstribution and ||(/n © 5n)||i„(j ~ 
IK/") Hind + 11(5") Hind’ result follows from uniform boundedness of the 

Fejer kernels. In order to prove the Pind-boundedness of the isomorphism, we 
need a stronger version of Theorem 5.13, proved by Meyer in [12]. 

Theorem 5.15. The Lf normalised Haar system in H^(S) is equivalent to the 
Meyer wavelet system. 

Denote by M the isomorphism of H^{T) —)■ l(^H^(6)) given by Theorem 
5.15 and by Tt and T[o,i] the dilations on T and [0,1] respectively. We have 
MTt = T[o,i]M: since it is enough to check this identity for the Haar basis, 
and it reduces to the fact that the wavelet system satisfies the same dilation 
equation as the Haar system does: T[op]/i 2 '>+j = 2 “ 2 (h2n+i+j -I- h2n+i+2'n-+j)■ 
Therefore, by Lemma 5.11, 

H(7’“”/")IIlH£=) H(MT“"/")IIli(^2(,.)) = 

for any a, which by Corollary 5.9 gives ||(/„)||i„d ~ ll(^/")llind desired. 
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6 Remarks and open questions 


We note that if our only interest in Section 4 was the if-closedness result, any 
potential problems with existence of the principal value could have been reme¬ 
died by considering bounded kernels corresponding to projections onto H^{S). 
However, our goal was to develop a principal value result parallel to the Riesz 
projection L^(T) —s- i7^(T). 

One can define Bery / = for a (non necessarily bounded) operator 

T : X ^ (T) and ask when Lemma 2.6 is true for || • ||^ 2 . In R, it is enough 

for T to commute with integration and satisfy suppT/ C supp/. In C these 
conditions are not sufficient, as for example Tf = f — if fails the lemma. 

The most known version of the Pelczyhski decomposition principle men¬ 
tioned in the proof of Theorem 5.10 is as follows [24]. 

Theorem 6.1. Let X,Y be two Banaeh spaces such that X is complemented 
in Y and Y is complemented in X. Assume additionally that X is infinitely 
divisible, i.e. X ^ (®^i ^)p for some p. Then X ~ T. 

An obvious modification of the proof allows to replace the assumption X ^ 
^)p X ~ This, together with the appearance of the 

space (0 Arcr(„))jj^j in the proof of Theorem 5.10, would suggest that this space 
is infinitely divisible in the sense of independent sum. However, unlike in the 
case of direct ^^-sums, there is no apparent reason for independent sum to be 
associative in the sense 



for a disjoint family {/„ : n G N}. 

It has been proved by Maurey [11] that H^{6) and iL^(T) are isomorphic, 
but the proof did not give an explicit way to construct an unconditional basis 
in iL^(T). Carleson [5] gave an example of a system in iL^(T) equivalent to 
the Haar basis in H^{6). Shortly after, Wojtaszczyk modified his proof to 
achieve orthonormality [25]. Not much is known about the isomorphism class 
of (0The Rosenthal space R is the sequence space normed by 

ll(®n)ll/i = II (On) ||oo + II (fin (Wn)^^ II2 

where ^ = oo and —>■ 0 (different choices of (wn) give isomorphic spaces). 

Its predual is the sequence space with a norm equivalent to 

ll(a»)llfl. = " • 

It is known that i?* is complemented in H^{S) and R is complemented in 
BMO((I). The difficulty in handling the space (0iL^(T)).^j can be seen in 
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the fact that is not known whether it is isomorphic to i?*. A more detailed 
discussion can be found in [16] and [15]. A curious thing is that despite the 
Maurey isomorphism, is isomorphic to a complemented and in¬ 

variant subspace of in H^{d), while the natural (based on a minor modification 
of the proof of Theorem 2.2) invariant embedding of this space into iJ^(T) is 
not complemented by the Klemes theorem. This shows a substantial difference 
between the structure of invariant and complemented subspaces of i7^(T) and 
H^{T X T). The non-isomorphism of these spaces is a nontrivial fact [3]. 

By an argument identical to the proof of Lemma 2.1, one can prove that any 
projection (£^) -5- l has to be of the form 

/ = ^f{A)wA ^ {f{A),UA^ e^!,^AWA 

A A 

with {uA,e.maxA) = 1- However, it is not clear to us how to deduce that ua = 
©max A 5 giving an orthogonal projection unbounded by the remark preceding the 
proof of Theorem 4.12. 
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